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This paper presents a newnoncertainty-equivalent adaptive control system for the control of amissile based on the

immersion-and-invariance approach. The mathematical model of the missile represents the nonlinear longitudinal

dynamics, and it is assumed that all the aerodynamic parameters (except the sign of a single control input gain) are

not known. The objective here is to control the angle of attack of the missile. For the trajectory control of the angle of

attack, a nonlinear noncertainty-equivalent adaptive control system is designed, and Lyapunov stability theory is

used for stability analysis in the closed-loop system. The autopilot has amodular structure, which consists of a control

module and a parameter estimator. In this noncertainty-equivalent adaptive law, each estimated parameter is the

sum of a partial estimate generated by an update law and a nonlinear function. For comparison, a traditional

certainty-equivalent adaptive control system is also designed. A special feature of the designed noncertainty-

equivalent adaptive autopilot (unlike the certainty-equivalent adaptive systems) is that whenever the estimated

parameters attain their true values, they remain frozen thereafter. Furthermore, it is shown that the trajectory of the

closed-loop system, including the noncertainty-equivalent adaptive law, is eventually confined to a manifold in the

space of missile states and estimated parameters, and the autopilot asymptotically recovers the performance of a

deterministic control system. Simulation results for the noncertainty-equivalent adaptive and certainty-equivalent

adaptive laws are presented. These results show that the designed autopilots accomplish trajectory control of the

angle of attack despite uncertainties in the system parameters, but for properly chosen feedback and adaptation

gains, the trajectory tracking performance is better with the noncertainty-equivalent adaptive law.

I. Introduction

M ODERN aircraft and missiles often operate in a highly
nonlinear regime in which the aerodynamic parameters have

wide variations. For example, missiles must maneuver to intercept an
agile, evading target. In the past, considerable effort has beenmade to
develop guidance and control laws for missiles. For missile autopilot
design, both the classical and modern design techniques have been
applied. A survey of classical designs and modern designs based on
linear quadratic Gaussian with loop transfer recovery (LQG/LTR)
and eigenstructure assignment has been presented by Cloutier et al.
[1]. Researchers have used gain scheduling and extended lineariz-
ation for autopilot design [2–6]. Using extended linearization, a
control law for a missile has been obtained, for which feedback gains
are nonlinear functions of the Mach number and commanded angle
of attack [6]. Of course, gain scheduling methods ignore the actual
nonlinear behavior of the system.

In literature, a variety of nonlinear control methods have been
proposed for missile autopilot design. Feedback linearization (dyn-
amic inversion) approach has been used by several authors to design
nonlinear flight control systems [7–11]. In this approach, the original
nonlinear system is transformed into a linear system by coordinate
transformation and feedback. Then for the linear model, a variety of
linear design methods are applied to obtain suitable control systems.
Of course, precise knowledge of system parameters is assumed for
the derivation of control law by dynamic inversion. For the design of

a robust missile autopilot, a combination of dynamic inversion and�
synthesis has been attempted [12]. The nonlinearH1 theory has been
applied to missiles with coupled aerodynamic and thrust-vectoring
control [13]. For the design of a nonlinear regulator of missiles, the
state-dependent Riccati equation method has been considered
[14,15]. For this, the nonlinear model is represented as a linearlike
system, and a control law is obtained using a pointwise solution of the
Riccati equation. This yields local stability in the closed-loop system
[14]. Recently, a nonlinear missile autopilot design based on �-D
technique has been proposed. Using this method, an approximate
solution of the Hamilton–Jacobi–Bellman equation is obtained and a
suboptimal control law is synthesized [16,17].

For the control of missiles in the presence of uncertainties, sliding-
mode control systems have been designed [18–22]. This approach
gives a discontinuous control law. Adaptive control systems have
been also developed for missiles with uncertain dynamics [23,24].
Using recently developed adaptive L1 theory, an autopilot for a
missile using output feedback has been derived [25]. For missiles
with unstructured nonlinear dynamics, adaptive neural controllers
have been proposed [26,27]. In the neural controller of [26], a
certainty-equivalent adaptive law has been used. However, in
certainty-equivalent adaptive (CEA) systems, the update law is a
function of the tracking error and, as such, parameter adaptation
never stops, even if the estimated parameters coincide with their true
values at certain instants. Moreover, the update law of [26] requires
modification using parameter projection method to avoid singularity
in the control law. Recently, a newmethod for the design of adaptive
control system for uncertain nonlinear systems based on immersion-
and-invariance (I&I) theory has been developed [28–30]. This
approach gives a noncertainty-equivalent adaptive (NCEA) law.
Recently, the I&I approach has been used to develop NCEA control
systems for a spacecraft [31] and an aeroelastic system [32].

The contribution of this paper lies in the derivation of a longi-
tudinal autopilot for the control of a missile based on the immersion-
and-invariance theory. The mathematical model of the missile
includes nonlinearities, and it is assumed that the system parameters
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(except the sign of a single control input coefficient) are not known.
The objective is to control the angle of the attack of the missile. Of
course, this design approach can be also applied for the control of
nonlinear state-dependent controlled output variables. For the trajec-
tory tracking of the angle of attack, a noncertainty-equivalent adap-
tive control system is designed. The NCEA controller has a modular
configuration, which consists of a control module and a separately
designed parameter identifier. The estimate of each parameter is the
sum of a partial estimate generated by an update law and a nonlinear
function. Using Lyapunov stability theory, it is shown that in the
closed-loop system, asymptotic trajectory control of the angle of
attack is accomplished. A traditional CEA control system is also
designed. Interestingly, unlike the traditional adaptive systems, the
derived adaptation law freezes the parameter estimates whenever
these estimates coincide with the true values. Moreover, the trajec-
tories of the system with the NCEA law converge to a manifold, and
on this manifold, the controller recovers the performance of a deter-
ministic control system. This cannot happen inCEA control systems.
Simulation results are presented that show that the NCEA autopilot
accomplishes angle-of-attack trajectory control despite uncertainties
in the aerodynamic parameters. These results also show that for
properly chosen feedback and adaptation gains, the tracking-error
control performance of the NCEA law is better than the CEA law.

II. Missile Longitudinal Dynamics
and Control Problem

The mathematical model used in this paper is based on a tail-
controlled missile. This model assumes constant mass: that is, after
burnout, zero roll angle and roll rate, no sideslip, and zero yaw rate.
Under these assumptions, the motion of the missile is described by
two force equations and one kinematic equation. The complete
equations of motion derived in [14] are given by

_M � ��0:7P0S=ma��M2�CD0
� CN sin��� � �g=a� sin �

_�� �0:7P0S=ma�MCN cos�� �g=aM� cos � �Q
_Q� �0:7P0Sd=IY�M2Cm _��Q (1)

where the state variables areMach numberM, angle of attack�, pitch
rateQ, and pitch angle �; � � � � � is the flight-path angle;P0 is the
static pressure; IY is the moment of inertia; m is the mass; S is the
reference area; a is the speed of sound; g is the gravity; andCD0

,CN ,
and Cm are nondimensional aerodynamic coefficients. For the
missile at 20,000 ft altitude, the aerodynamic coefficients are CD0

�
0:3 and

CN � an�3 � bn�j�j � cn�2 � �M=3���� dn�
Cm � am�3 � bm�j�j � cm��7 � �8M=3���� dm�� emQ

where � is the control surface deflection and ak, bk, dk, and ek are
constant parameters.

For the mass properties and the aerodynamic coefficients given in
[14], the dynamic equations are given by

_�� 0:4008M�3 cos� � 0:6419Mj�j� cos���

� 0:2010M

�
2 �M

3

�
� cos��� � 0:0311

cos�� � ��
M

�Q � 0:0403M cos� � �≜ pT1�1�M;�; ��
�Q� b01M cos� � � (2)

_M � pT1 �M2�3 sin�;M2j�j� sin�;M2

�
2 �M

3

�
� sin�;

� sin�� � ���T � 0:0062M2 � 0:0403M2 sin�

� �≜ pT1�2�M;�; �� � r1M2 � b02M2 sin� � � (3)

_Q� 49:82M2�3 � 78:86M2j�j�� 3:6M2

�
�7 � 8M

3

�
�

� 2:12M2Q � 14:54M2�≜ pT3�3�M;��
� r2M2Q� b03M2� (4)

where b01 ��0:0403, r1 ��0:0062, b02 ��0:0403, r2 ��2:12,
b03 ��14:54, the regressor vectors are

�1�
�
M�3 cos�;Mj�j�cos�;M

�
2�M

3

�
�cos�;

cos�����
M

�
T

2R4

�2�
�
M2�3 sin�;M2j�j�sin�;M2

�
2�M

3

�
�sin�;�sin�����

�
T

2R4

�3�
�
M2�3;M2j�j�;M2

�
�7�8M

3

�
�

�
T

2R3

and the parameter vectors are

p1 � �0:4008;�0:6419;�0:2010; 0:0311�T

� �p11; p12; p13; p14�T 2 R4

p3 � �49:82;�78:86; 3:6�T � �p31; p32; p33�T 2 R3

Let the kth element of �i be �ik, (i� 1, 2, 3).
Defining the state vector x� ��;M;Q; ��T 2 R4, the missile

dynamics can be written as

_x�
�T1 ��;M; ��p1 �Q
�T2 ��;M; ��p1 � r1M2

�T3 ��;M�p3 � r2M2Q
Q

2
664

3
775�

b01M cos�
b02M

2 sin�
b03M

2

0

2
664

3
775� (5)

Let the controlled output variable be

y� � (6)

It is assumed that all the parameter vectorspk (k� 1, 2, 3), r1, r2,b01,
and b02 are unknown, but we make the following assumption.

Assumption 1: The magnitude of b03 is unknown, but its sign is
known.

In this paper, trajectory control of the angle of attack is considered.
Suppose that a reference angle-of-attack trajectory yr � �r�t� is
given. Of course, an autopilot command logic can be used to convert
commanded normal acceleration from the guidance laws to reference
angle-of-attack commands for the autopilot. Such an approach has
been also adopted in [17]. We are interested in deriving an adaptive
control law such that in the closed-loop system, the angle of attack �
asymptotically tracks �r in spite of the uncertainties in the missile
parameters.

III. Adaptive Control System Design

In this section, design of a noncertainty-equivalent adaptive
control system based on the I&I theory is considered. The I&I
approach provides a control system, which has a modular structure
consisting of 1) a control module and 2) an identifier. The designs of
the control module and the identifier are done separately. Unlike the
traditional adaptive design method, the identifier provides an esti-
mate of unknown parameter, which is a sum of a partial estimate
generated by an update law and a judiciously chosen nonlinear
function. The essential idea of the I&I method is to create a manifold
that is invariant in the extended space of missile states and partial
parameter estimates. The trajectories beginning on this manifold
remain confined to it for all future time. As the trajectory evolves on
this invariant manifold, the closed-loop system captures the behavior
of a target system, which can be obtained by synthesizing a full-
information feedback (deterministic) control law. The nonlinear
function in the parameter estimate allows construction of estimation
error dynamics (off-the-invariant manifold dynamics) that have
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stable zero equilibrium. (Later, Remarks 1 and 2 provide precise
statements related to the invariant manifold and performance
recovery.)

For the design of the autopilot, a simplified model of the missile is
considered. Since the control surface is principally a moment-
producing device, the small force generated by it will be ignored.
Therefore, we set b01 and b02 to zero for the derivation of control
system, but for the evaluation of controller, nonzero values of b01 and
b02 will be retained.

First note that Eq. (2) (with b01 � 0) gives

Q� _� � pT1�1 � _� (7)

Then substituting for Q in Eq. (4) yields

_Q� pT3�3 � r2M2� _� � pT1�1� � b03M2�

� �pT3 ; r2;�r2pT1 �
�3

M2 _�

M2�1

2
64

3
75

� b03M2�≜ pT4�4�M;�; _�; �� � b03M2� (8)

where p4 � �pT3 ; r2;�r2pT1 �T 2 R8 and

�4 �
�3
M2 _�
M2�1

2
4

3
5 2 R8

For feedback-linearizing control of the angle of attack, we
differentiate � until the control input � appears. Of course, we have
assumed that b01 and b02 are zero. Thus, using Eq. (3) (with b02 � 0)
and Eq. (7), the second derivative of � takes the form

��� pT1 _�1 � _Q� pT1
�
@�1
@M

_M � @�1
@�

_�� @�1
@�

_�

�
� _Q

� pT1
@�1
@M
�pT1�2 � r1M2� � pT1

@�1
@�

_�� pT1
@�1
@�
� _� � pT1�1�

� �pT4�4 � b03M2�� (9)

Collecting terms, Eq. (9) can be written as

��� �pT1 r1; pT1 ; pT4 �

@�1
@M
M2�

@�1
@�
� @�1

@�

�
_�

�4

2
664

3
775� fn � b03M2�

≜ pTa�a�M;�; _�; �� � fn � b03M2� (10)

where the nonlinear function is

fn �
�
@�T1
@M

p1p
T
1�2 �

@�T1
@�

p1p
T
1�1

�

pa � �pT1 r1; pT1 ; pT4 �T 2 R16, and �a is defined in Eq. (10). Since
p1p

T
1 is a symmetric 4 	 4 unknown matrix, it has 10 dis-

tinct parameters. Therefore, the function fn can be linearly
parameterized as

fn � �Tbpb (11)

where the parameter vector pb 2 R10 is

pb�
�p2

11;p11p12;p11p13;p11p14;p
2
12;p12p13;p12p14;p

2
13;p13p14;p

2
14�T

and the nonlinear vector function �b is given by

�b � ��ba � �bc; �bb � �bd�T

The functions �bq for q 2 fa; b; c; dg are

�ba �
�
@�11
@M

�21;
@�11
@M

�22 �
@�12
@M

�21;
@�11
@M

�23 �
@�13
@M

�21;
@�11
@M

�24

� @�14
@M

�21;
@�12
@M

�22

�

�bb �
�
@�12
@M

�23 �
@�13
@M

�22;
@�12
@M

�24 �
@�14
@M

�22;
@�13
@M

�23;
@�13
@M

�24

� @�14
@M

�23;
@�14
@M

�24

�

�bc �
�
@�11
@�

�11;
@�11
@�

�12 �
@�12
@�

�11;
@�11
@�

�13 �
@�13
@�

�11;
@�11
@�

�14

� @�14
@�

�11;
@�12
@�

�12

�

�bd �
�
@�12
@�

�13 �
@�13
@�

�12;
@�12
@�

�14 �
@�14
@�

�12;
@�13
@�

�13;
@�13
@�

�14

� @�14
@�

�13;
@�14
@�

�14

�

Substituting Eq. (11) in Eq. (10), one obtains

��� pTa�a � pTb�b � b03M2� (12)

Consider a change of control input variable given as

M2�� sgn�b03�u (13)

where u is a new input. Defining b1 � jb03j> 0 and a parameter
vector

w1 � �pTa ; pTb �T 2 R26

Eq. (12) can be written as

����T��; _�;M; ��w1 � b1u (14)

where ���; _�;M; �� � ��Ta ; �Tb �T 2 R26. For the derivation of
control-law equation (14) will be used.

A. NCEA Control Module

Now the derivation of the NCEA law is considered. Since the
parameter vectorw1 and b1 are unknown, their estimates are needed
for synthesis. Let the estimates ofw1 andw2 � b�11 be ŵ1 � �1 and
ŵ2 � �2, respectively, where �i are nonlinear functions to be
determined later. One can think of ŵi as only a partial estimate ofwi,
and the full estimate of parameters is obtained by combining the
nonlinear function �i with ŵi. This is an important difference from
the estimates used in CEA laws. In CEA laws, �i � 0, and only an
update law for ŵi is sufficient. The introduction of nonlinear
functions �i in the parameter identifier enhances stability in the
closed-loop system. Let the parameter errors be

z1 � ŵ1 � �1 � w1 z2 � ŵ2 � �2 � w2 (15)

Since the interest is in tracking �r, consider a surface defined as

s1 � _~�� � ~�� 0 (16)

where ~�� � � �r is the tracking error and� > 0. It is assumed that _�
ismeasured for feedback. If s1 is zero, then it follows that the tracking
error converges to zero.As such, it is sufficient to design a control law
that forces s1 to zero.

Using Eq. (16), the derivative of s1 can be written as

_s 1 � ��Tw1 � b1u� � ��r � � _~� (17)

We select a control input u as

u� �ŵ2 � �2�v (18)

where v is a new input yet to be determined. Note that
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b1u� b1�ŵ2 � �2�v� b1�z2 � w2�v
� b1�z2 � b�11 �v� b1z2v� v (19)

which can be substituted in Eq. (17) to give

_s 1 ��T�ŵ1 � �1 � z1� � v� b1z2v � ��r � � _~� (20)

Now in view of Eq. (20), the control input v is chosen to stabilize the
tracking-error dynamics. For this, v is selected as

v��; _�;M; ŵ1; �; �1; t� � ���T��; _�;M; ���ŵ1 � �1�

� c1s1 � ��r � � _~�� (21)

where the gain c1 > 0 and the argument tdenotes the dependence of v
on �r and its derivatives. The control law has been chosen to cancel
estimated functions. Now v fromEq. (21) is substituted in Eq. (20) to
obtain

_s 1 ���Tz1 � c1s1 � b1z2v��c1s1 ��T
s ��; �r;M; �; v�z

(22)

where z� �zT1 ; z2�T 2 R27 and �s � ��T;�b1v�T 2 R27.
For examining the stability property of s1, consider a Lyapunov

function

V1 � s21 (23)

Differentiating V1 along the solution of Eq. (22) gives

_V 1 � 2s1 _s1 � 2s1��c1s1 ��T
s z� � �2c1s21 � 2s1�

T
s z (24)

By Young’s inequality, one has

� 2s1�
T
s z 
 c1s21 � c�11 ��T

s z�2 (25)

Then using inequality Eq. (25) in Eq. (24) gives

_V 1 
 �c1s21 � c�11 ��T
s z�2 (26)

We observe from Eq. (27) that if �T
s z is bounded, then s1 will be

bounded. This in turnwill imply boundedness of the tracking error. In
the next section, a parameter estimator is designed that has the
desirable property.

B. Parameter Estimator

Now the design of the parameter estimator is considered. This
design is completed by deriving the adaptation law for the partial
estimates ŵi and the nonlinear functions �i. For the derivation, it is
assumed that _M and _� are available for feedback. Note that although
this assumption is not necessary for the application of the immersion-
and-invariance approach, one will need to solve a partial differential

equation, which is not easily solvable if _M and _� are not measured.
First note that using Eq. (19) in Eq. (14) gives

����T��; _�;M; ��w1 � v� b1z2v (27)

The vector � chosen here is a function of xa � ��; _�;M; ��, ŵ, and
�r. For the derivation, consider the parameter error dynamics
obtained by differentiating z. Its derivative is

_z� _̂w� @�
@ŵ

_̂w� @�
@�

_�� @�

@M
_M� @�

@�
_�� @�

@ _�
��Tw1

� v� b1z2v� �
@�

@t
(28)

where ŵ� �ŵT1 ; ŵ2�T 2 R27, �� ��T1 ; �2�T 2 R27, and @�=@t
denotes the terms arising from the dependence of � on �r�t� and its
derivatives. In Eq. (28), _M and _� are treated as known functions.

In view of Eq. (28), the update law is chosen as

_̂w��
�
I27	27 �

@�

@ŵ

��1�@�
@�

_�� @�

@M
_M� @�

@�
Q

� @�
@ _�
f�T�ŵ1 � �1� � vg �

@�

@t

�
(29)

Substituting Eq. (29) in Eq. (28) gives

_z�� @�
@ _�
��Tz1 � b1z2v� � �

@�

@ _�
�T
s z (30)

The nonlinear functions �i are chosen so that z dynamics have
stable behavior. For this, one chooses

@�1

@ _�
� �1� 2 R26;

@�2

@ _�
���2v 2 R (31)

where �i > 0. These equations are integrated to obtain �i. Thus, one
has

�1 �
Z

_�

0

�1���; �;M; �� d� (32)

Now�1 is substituted in v [Eq. (21)]. Substituting�1 fromEq. (32) in
Eq, (21), the signal v is obtained. NowEq. (31) is integrated to obtain
�2. It turns out that the matrix @�=@ŵ is a lower triangular matrix
with zero entry in the diagonal, and therefore Eq. (29) is always
solvable.

Define a positive-definite diagonal matrix

�� diagfI26	26�1; �2b�11 g

Then using Eq. (31) in Eq. (30), one obtains the z dynamics in a
compact form given by

_z����s�xa; ŵ1; t��T
s �xa; ŵ1; t�z (33)

To examine the stability property of the error dynamics, consider a
positive-definite Lyapunov function V2�z�:

V2�z� � c�11 zT��1z (34)

Differentiating V2 and using Eq. (33) gives

_V 2 ��2c�11 zT�s�
T
s z 
 0 (35)

Since the derivative ofV2 is negative semidefinite, z 2 L1�0;1� (the
set of bounded functions) and the origin z� 0 is uniformly globally
stable. Also integrating Eq. (23) gives

2c�11

Z 1
0

��T
s z�2 dt��V2�z�1�� � V2�z�0�� 
 V2�z�0��

which implies that �T
s z 2 L2�0;1� (the set of square integrable

functions).
Now we examine the stability property of the complete system

equation (17) together with the update-law equation (29). For the
stability analysis of the closed-loop system, consider the com-
posite Lyapunov function V � V1 � V2. Differentiating V and using
Eqs. (17) and (33), one obtains

_V 
 �c1s21 � c�11 ��T
s �xa; ŵ1; t�z�2 
 0 (36)

Since V is a positive-definite function of s1 and z, and _V 
 0, one
finds that s1 and z are bounded. Integrating Eq. (36), one finds that s1
is square integrable. Of course, � and its derivative are bounded if s1
is bounded. If the maneuvers are such thatM and � remain bounded,
thenEq. (7) implies boundedness ofQ. Since all signals are bounded,
the derivatives of s1 and �T

s z are bounded. Therefore, according to
Barbalat’s lemma (see [33]), the tracking error and �T

s z converge to
zero.

Of course, in this derivation, a simplified model of the missile has
been used. In the next section, simulation results are obtained for the
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complete model (b01 and b02 nonzero). In the presence of unmodeled
terms, an estimator parameter can diverge. However, divergence of
parameter estimates can be avoided by modifying the update law
using 	 modification, if it is required.

To this end, we summarize the special features of the derived
control law.

Remark 1: According to Eq. (33), the z dynamics can be treated as
a linear time-varying system given as

_z� A�t�z (37)

where

A�t� � ���s�xa�t�; ŵ�t�; t��T
s �xa�t�; ŵ�t�; t�

Inview of Eq. (37), one notes that if at some instant t1, z�t1� � 0, then
z�t� � 0 for t � t1; that is, the manifold defined by

Mz � f�xa; ŵ; t� 2 R4 	 R27 	 R: ŵ� � � w� 0g

is an invariant manifold. As such, the parameter vector estimate
ŵ� � remains frozen at its actual value for t � t1. On this invariant
manifold, one observes from Eq. (22) that _s1 � 0, which can be
obtained if a full-information feedback-linearizing control law is
synthesized.

Remark 2: The origin z� 0 of the z dynamics equation (33) is
uniformly stable, and the trajectory of the closed-loop system
eventually resides in the manifold defined by

�� f�xa; ŵ; t� 2 R4 	 R27 	 R: �s�xa; ŵ1; t�T

	 �ŵ� ��x; ŵ; t� � w� � 0g (38)

Consequently, in view of Eq. (22), _s1 � 0; therefore, the closed-loop
system asymptotically recovers the performance of a feedback-

linearizing deterministic control lawdesigned for known parameters.
It is important to note that convergence of the function �T

s z to zero
does not imply convergence of the parameter error z to the null vector.

The adaptive law has several parameters for tuning, and the com-
plexity of the controller increases with the number of unknown
parameters. But modern computing devices can fulfil the computa-
tional need. For the synthesis of the designed controller, it is assumed
here that not only the state variables, but also the derivatives ofM and
�, are available for feedback. Of course, synthesis of controllers
using state feedback has been considered in literature (for example,

[7,8,17]). Although one cannot measure _M and _� directly, these
could be generated by digital differentiation ofM and �. Of course,
differentiation of signals in the presence of noise is not preferable.

Alternatively, one could attempt to compute _M and _� using the
relations

_M� � _UU� _WW�=f2a�U2 �W2�1=2g

_�� � _WU �W _U�=�U2sec2��

whereU andW are the velocity components of the missile along the
longitudinal and normal axes. The derivatives of U and W can be

determined from _U��QW � axb and _W �UQ� azb , where axb
and azb are the components of the inertial acceleration of the missile
resolved along the longitudinal and normal axes.

IV. Certainty-Equivalent Adaptive Control Law

For the purpose of comparison, a certainty-equivalent adaptive
control system is briefly presented in this section.

Let ŵ1 and ŵ2 be the estimates of w1 and w2 � b�11 ; that is, now
the nonlinear functions are �i � 0 (i� 1, 2). Define the parameter
errors as
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z1 � ŵ1 � w1; z2 � ŵ2 � w2 (39)

We select a control input u as

u� ŵ2v (40)

where v is a new input yet to be determined. Note that

b1u� b1ŵ2v� b1�z2 �w2�v� b1�z2 � b�11 �v� b1z2v� v
(41)

which can be substituted in Eq. (17) to give

_s 1 ��T�ŵ1 � z1� � v� b1z2v � ��r � � _~� (42)

Now in view of Eq. (42), the control input v is selected as

v��; _�;M; ŵ1; �; t� � ���T��; _�;M; ��ŵ1 � c1s1 � ��r � � _~��
(43)

for stabilizing the tracking-error dynamics, where the gain c1 > 0.
Substituting the control-law Eq. (43) in Eq. (42) gives

_s 1 ��c1s1 ��T�x�z1 � b1z2v (44)

Consider a Lyapunov function

W � s21 � ��11 z
T
1 z1 � b1��12 z

2
2 (45)

Differentiating W gives

_W � 2s1 _s1 � 2��11 z
T
1 _z1 � 2b1�

�1
2 z2 _z2 (46)

Substituting Eq. (44) in Eq. (46) and noting that _z1 � _̂w1 and _z2 � _̂w2

gives

_W � 2s1��c1s1 ��T�x�z1 � b1z2v� � 2��11 z
T
1 _z1

� 2b1�
�1
2 z2 _z2 ��2c1s21 � 2zT1 ��s1��x� � ��11

_̂w1�
� 2b1z2�s1v� ��12 ŵ2� (47)

Now inview of Eq. (47), one selects the adaptation law of the form

_̂w 1 � �1��x�s1; _̂w2 ���2vs1 (48)

Using Eq. (48) in Eq. (47) gives

_W ��2c1s21 (49)

SinceW is a positive-definite function of s1 and z, and _W is negative
semidefinite, it follows that s1 and zi are bounded and, furthermore,
that s1 is a square integrable function. Following the arguments
similar to those of the previous section, one establishes the converg-
ence of s1 and the tracking error to zero.

Wepoint out two important differences in this CEA law.Unlike the
NCEA law of the previous section, the derivative of the Lyapunov
function equation (49) does not have an additional nonnegative
function ��T

s z�2 present in Eq. (36). As such, the special feature of
the NCEA lawdescribed in Remark 2 is not possible for the CEA law
derived in this section. Furthermore, Remark 1 does not hold as well
for the CEA system.
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V. Simulation Results

This section presents the results of digital simulation for the
closed-loop systems including theNCEAandCEA laws. Themissile
parameters of [14] are used for computation. The �-dependent func-
tions in _M and _�, which have been neglected for control-law
derivation, are retained in themodel for a realistic simulation (i.e. b10
and b20 are nonzero). The initial conditions of missile state variables
are assumed to be x�0� � �0; 2:5; 0; 0�T . For simulation, offnominal
values of estimated parameters ŵi�0� � 0 (i� 1, 2) are assumed.
This is the worst choice of initial estimates of the parameters, but it
has been made to examine the robustness of the control system. The
reference trajectory �r is generated by a fourth-order command
generator of the form

�D2 � 2
1!1D� !2
1��D2 � 2
2!2D� !2

2��r�t� � !2
1!

2
2�
�
r �t�

where D denotes the derivative operator. The parameters (
1 � 1,

2 � 1) of the command generator are kept fixed, but two sets of
values (!1 � 3, !2 � 3 and !1 � 5, !2 � 5) are considered for
simulation. The controller and adaptation gains are �� 5, c1 � 20
and �1 � 1, �2 � 1, respectively. The selected piecewise-constant
command input (in degrees) is ��r �t� � 5 for t 2 �0; ts� and ��r �t� � 0
for t � ts or ��r �t� � 10 for t 2 �0; ts� and ��r �t� � 0 for t � ts, where
ts is the switching time.

For case A, with adaptive control with slow and small �r
command, !1 � !2 � 3 and �r� 2 f5; 0g deg. A slow reference
trajectory is generated by selecting the poles of the command gener-
ator at�3. The command input��r switches at ts � 3 s. The reference
trajectory �r�t� rises to 5 deg and then drops to 0 deg. Selected
responses for the NCEA law are shown in Fig. 1.We observe smooth
tracking of the angle of attack. The state variables remain bounded.

Themaximum tracking error is about 0.5 deg. The estimates ŵi � �i
converge to some constant values. The control input � remains within
21 deg, and�T

s z converges to zero. Thus, the closed-loop trajectory is
eventually confined to a manifold defined in Eq. (38), and therefore
the adaptive controller recovers the performance of the deterministic
controller.

The responses obtained using the CEA law are also plotted in
Fig. 1. We observe accurate trajectory tracking. But the maximum
value of the tracking error is 1.16 deg, which is more than twice
the value for the NCEA law. The maximum value of the control
magnitude for the CEA law is 19.90 deg. These peak control
magnitudes of the NCEA and CEA laws differ by 1.1 deg. The CEA
law has a slightly larger tracking error than that of the NCEA law,
even at 10 s.

For case B, with adaptive control for fast but small �r command,
!1 � !2 � 5 and �r� 2 f5; 0g deg. For faster response, simulation
is done using !1 � !2 � 5, but with the same command input ��r of
case A. The poles of the command generator are at �5. The
remaining parameters of the control system used for case A are
retained. Selected responses for NCEA and CEA laws are shown in
Fig. 2. We observe that the angle of attack closely follows the
commanded trajectory. It is again observed that �T

s z tends to zero.
The maximum tracking error and control magnitude for the NCEA
and CEA laws are 0.5072 and 21.0937 deg and 1.3487 and
20.5695 deg, respectively. Compared with the CEA law, the NCEA
lawgives a smaller tracking error (0.5072 deg). It is seen that the peak
control magnitude for the NCEA law is only slightly larger than the
peak value for the CEA law.

For case C, with adaptive control for slow but large �r command,
!1 � !2 � 3 and�r� 2 f10; 0g deg. For a larger� angle control, the
command input is set as ��r �t� � 10 for t 2 �0; 3� and then ��r �t� � 0
for t � 3. The poles of the command generator are at�3, as in caseA.
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Selected responses for the NCEA and CEA laws are shown in Fig. 3.
We observe that the angle of attack closely follows �r and quickly
attains close to 10 deg, as commanded, and then tends to zero. The
peak value of the control input � is larger than that of case A, as
expected. It is again observed that�T

s z tends to zero. The maximum
tracking error and control magnitude for the NCEA and CEA laws
are 1.0606 and 46.0002 deg and 1.3997 and 44.8372 deg, respec-
tively. Compared with the CEA law, the tracking error for the NCEA
law is again smaller, but the peaks in control magnitudes differ only
by 1.2 deg.

For case D, with adaptive control for fast and large �r command,
!1 � !2 � 5 and�r� 2 f10; 0g deg. Simulation is done for a larger-
angle-of-attack control using the faster command input of case C.
The poles of the command generator are at �5. Selected responses
for the NCEA andCEA laws are shown in Fig. 4.We observe that the
angle of attack closely follows the reference trajectory. The control
input � is less than 48 deg for both laws. Similar to other cases, it is
observed that �T

s z tends to zero. The maximum tracking error and
control magnitude for the NCEA and CEA laws are 1.1120 and
47.2608 deg and 1.5869 and 46.1040 deg, respectively. The tracking
error for theNCEA law is again smaller than that for theCEA law, but
the difference in peak magnitudes for the NCEA and CEA laws is
small.

For case E, with nonadaptive control for slow but large �r
command, !1 � !2 � 3 and �r� 2 f10; 0g deg. To examine the
advantage of adaptive control system, a nonadaptive feedback-
linearizing control law is implemented. Based on Eq. (17), the
feedback-linearizing nonadaptive control law is selected as ��
sgn�b03�M�2u, where

u��ŵ2��Tŵ1 � ��r � � _~�r � c1s�

and ŵ1 and ŵ2 are offnominal values ofw1 andw2 � �1=b1�. These
controller parameters remain constant for the nonadaptive control
system. For a fair comparison, the control gains � and c1 used for the
adaptive law are retained. It is interesting to note that the adaptive
systems accomplish trajectory control even for the choice of control
effectiveness gain ŵ2�0� � 0. (For this choice, the nonadaptive
system will have control input zero and, as such, obviously cannot
accomplish trajectory control.)

Simulation is performed for 1) arbitrary perturbation within

10% and 2) uniform perturbation of 
10%. For arbitrary
perturbation within 
10% of the actual values, one has

ŵ 1 � P�w1; ŵ2 ��4w2

where �4 � 0:9 or 1.1. The perturbation matrix P� for uncertainty
within 
10% is assumed to be

P� � diagf�1;�2;�3;�1;�2; 1g

where

�1 � �1; 1:1; 0:9; 1:1; 1�; �2 � �0:9; 1; 1:1; 1; 0:9�
�3 � �1:1; 0:95; 1; 1:1; 1:01�

First, simulation is done for the slow command signal of case C for
�r � 10 deg and �4 � 0:9. The selected responses are shown in
Fig. 5. We observe that for this choice of perturbed parameters, the
angle of attack has a maximum error of 0.6708 deg for 10 deg
command, which is small compared with 1.1 deg obtained with the
NCEA law (with large uncertainties, ŵi�0� � 0) (Fig. 3d), and
maximum control input required is 37.41 deg.

Simulation is done for ŵ1 � P�w1 and ŵ2 ��4w2, where
�4 � 1:1. For this case, a larger tracking error of the magnitude
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10.91 deg is observed for the 10 deg command. Responses are shown
in Fig. 6. This error is quite large compared with the peak value of the
NCEA law (Fig. 3d).

Now simulation is performed for the uniform perturbation of

10%. It is found that for P� � 1:1I26	26 and �4 � 0:9, the maxi-
mum tracking error is 0.58 deg, but forP� � 0:9I26	26 and�4 � 0:9,
the tracking error is 3.6 deg. These results show that the tracking
performance of nonadaptive law heavily depends on the values of the
perturbed parameters. The responses in Figs. 5 and 6 are only for
small uncertainty of
10%. For larger uncertainties, it is obvious that
the performance of the nonadaptive law will further deteriorate.
Therefore, for obtaining good tracking performance, adaptive law is
quite useful.

Simulation results for different controller parameters and com-
mand inputs have been obtained. These results show that the
designed NCEA law accomplishes smooth control of the angle of
attack. Furthermore, for the chosen controller parameters, the
tracking error for the NCEA law is smaller than that for the CEA law
for each case. However, one must note that like any adaptive system,
the transient performance of the NCEA and CEA system is highly
dependent on the feedback and adaptation gains and the estimates
[ŵi�0�] of the unknown parameters. We have observed that for some
other choices of controller gains, the NCEA law gives a larger
tracking error than the CEA law, but comparedwith the CEA law, the
advantages of the NCEA law described in Remarks 1 and 2 remain
valid for each case. The gains of the control module and the adapt-
ation gains of the estimator of the NCEA system can be independ-
ently chosen for shaping the response characteristics.

VI. Conclusions

In this paper, based on the immersion-and-invariance theory, a new
adaptive longitudinal autopilot for control of a missile was designed.
This design methodology gave a noncertainty-equivalent adaptive
control system that has a modular structure consisting of a stabilizer
(control module) and an estimator. The stability analysis for the
controlmodule and the identifierwas performed separately using two
distinct Lyapunov functions. This allowed flexibility in adjusting the
rate of convergence of parameter estimation error independently.
Using a composite Lyapunov function, it was then shown that in the
closed-loop system, the angle-of-attack trajectory tracking error
asymptotically converged to zero. A traditional certainty-equivalent
control system was also designed. It was also shown that unlike the
certainty-equivalent adaptive controllers, parameter estimates using
the NCEA law will remain frozen for all future time if the estimation
error attained zero value at any single instant. Moreover, the NCEA
law accomplished regulation of the trajectories to a manifold on
which the system recovered the performance of the deterministic
controller. Simulation results showed accurate tracking of the angle
of attack in spite of large parameter uncertainties. It was seen that for
properly chosen feedback and adaptation gains, theNCEA controller
gave a better tracking-error control performance than the CEA
controller.
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